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Abstract
Perturbations of the Dirac field in the Schwarzschild spacetime are characterized by two wave
equations (for two chiralities) with effective potentials which are iso-spectral and one of which
is positive definite. Therefore, the stability of a Dirac field in the Schwarzschild background is
straightforward. This is not so for the Schwarzschild-de Sitter case, because potentials for both
chiralities have negative gaps and the fact that the stability is not automatically guaranteed in the
asymptotically de Sitter case was apparently omitted in the literature. Performing the time-domain
integration of the wave equations and, thereby, taking into consideration all the quasinormal modes
of the spectrum, we demonstrate stability of the Dirac field in the Schwarzschild-de Sitter spacetime.
The analysis of stability is extended also to the Reissner-Nordstrom-de Sitter solution.
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I. INTRODUCTION
Proper oscillation frequencies of black holes called quasinormal modes have been inten-
sively studied during the past few decades not only in astrophysical context, but also within
strings theory, guage/gravity duality and higher dimensional gravity. By now there exist
an enormous literature on this topic and not only gravitational perturbations, but also test
fields are studied in a great number of works (see [1–3] for a review). A lot of papers were
devoted to quasinormal modes of the Dirac field [4–21], describing neutrinos or (when mas-
sive and charged) electrons in the vicinity of a black hole. This includes analysis of not only
well-known classical black-hole solutions, such as Schwarzschild, Reissner-Nordstrom, Kerr
and Schwazrschild-de Sitter, but much more general solutions, allowing for other charges
and fields in General Relativity as well as in various generalizations and modifications of the
Einstein gravity.
Stability of a test Dirac field in the black hole background seemed to be almost trivial
question, because for any spherically symmetric metric the two chiralities of the minimally
coupled Dirac field are described by the second order differential wave equations with ef-
fective potentials which are related by the Darboux transformation, so that the spectra
(and consequently the stability properties) for both chiralities are the same [5]. For the
Schwarzschild black hole and a number of its generalizations one of the two effective po-
tentials is positive definite in the whole space outside the black hole. This means that the
corresponding self-adjoint operator for the wave equation in the Hilbert space of square inte-
grable functions is positive definite and, therefore, all solutions of the perturbative equations
of motion with compact support initial conditions are bounded. Then, as one of the two ef-
fective potentials is positive definite, not only the stability of a given chirality is proved, but
the stability of the opposite chirality is immediately guaranteed due to the iso-spectrality of
both.
This situation does not take place for the Schwarzschild -de Sitter black hole, for which, as
we will show here, effective potentials for both chiralities are not positive definite. While the
potential for one of the chiralities has a negative gap near the event horizon, the other has
the gap near the cosmological horizon. Thus, in order to see whether the Dirac field is stable
in the vicinity of the Schwarzschild-de Sitter black hole one needs either to prove stability
analytically, which is usually a sophisticated mathematical problem (see, for example, [23]),
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or to investigate the quasinormal spectrum completely, that is to show that there are no
growing quasinormal modes in the spectrum.
The semi-analytical methods for calculation of quasinormal modes in the frequency do-
main, such as, for example the WKB one [30–35], are approximate and cannot catch the
regime of instability, as it was shown for the WKB method in [35]. The numerical Frobenius
method, based on the convergent continued fraction expansion, is accurate, but it uses the
trial and error procedure, so that it can rather say which modes were found then prove
absence of some other (growing) modes. The only exception is the time-domain integration
method [37] which takes into consideration contribution of all modes. Despite a great num-
ber of works on quasinormal modes of a Dirac field in the Schwarzschild-de Sitter background
and its generalizations, it seems that the fact that the stability of the Dirac field is not auto-
matically guaranteed once the cosmological term is turned on was omitted, because, to the
best of our knowledge, no such study of the quasinormal spectrum in time-domain was ful-
filled even for the simplest Schwarzschild -de Sitter solution. Here we will show that despite
both effective potentials for opposite chiralities of the Dirac field in the Schwarzschild-de
Sitter background have negative gaps, the thorough study of the evolution of perturbations
in the time-domain shows that the Dirac field is stable in the Schwarzschild-de Sitter space-
time. In addition, we have shown that the generalization for the case of a charged black
hole (given by the Reissner-Nordstrom-de Sitter solution) is also stable.
II. WAVE EQUATION AND EFFECTIVE POTENTIALS FOR DIRAC FIELD
The metric of spherically symmetric Schwarzschild-de Sitter black hole can be written in
the following way
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2, (1)
where
f(r) = 1−
2M
r
−
Λr2
3
. (2)
The general covariant equation for the Dirac field has the following form
γα
(
∂
∂xα
− Γ
α
)
Ψ = 0, (3)
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FIG. 1. Effective potentials V+ (red) and V− (blue) for the Dirac field in Schwarzschild spacetime;
k = 1, M = 1.
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FIG. 2. Effective potentials V+ (red) and V− (blue) for the Dirac field in Schwarzschild-de Sitter
spacetime; k = 1 (left) and k = 2 (right), M = 1, Λ = 0.11.
where γα are noncommutative gamma matrices and Γ
α
are spin connections in the tetrad
formalism [29]. After some algebra one can separate the angular variables in equation (3)
and rewrite the wave equation in the following general master form
d2Ψ±
dr2∗
+ (ω2 − V±(r))Ψ± = 0, (4)
in terms of the “tortoise coordinate” r∗ [1, 29]:
dr∗ =
dr
f(r)
. (5)
The effective potentials are
V±(r) =
k
r
f(r)
(
k
r
∓
√
f(r)
r
± (
√
f(r))′
)
, (6)
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where k = 1, 2, 3, ... are multipole numbers and the prime denotes the differentiation with
respect to radial coordinate r. In the Schwarzschild case (Λ = 0) the effective potential
for “plus” sign Dirac field has the form of a positive definite potential barrier with a single
maximum (see fig. 1). The effective potential for the “minus” sign Dirac field has a negative
gap near the event horizon and it is iso-spectral to the “plus” potential, owing to the Darboux
transformations
Ψ+ = q(W +
d
dr∗
)Ψ−, W =
√
f(r), q = const. (7)
If the effective potential V is positive definite, the differential operator
D =
∂2
∂r2∗
+ V (8)
is a positive self-adjoint operator in the Hilbert space of square integrable functions of r∗,
and, therefore, all solutions of the perturbative equations of motion with compact support
initial conditions are bounded. Consequently, the corresponding quasinormal spectrum of
the Dirac field in the Schwarzschild background has no growing modes indicating any kind
of instability.
From fig. 2 one can see that this is not the case of Schwarzschild-de Sitter black hole, for
which potentials for both chiralities V+ and V− have negative gaps. These negative gaps occur
near the event horizon for V− potential and near the cosmological horizon for V+ potential.
The gaps look symmetric relatively the middle point between the event and cosmological
horizons, what could possibly be related to the iso-spectrality of both chiralities. For higher
k the ratio of the height of barrier to the depth of its negative gap is smaller, so that the
k = 1 case must, apparently, be the most unstable one.
III. TIME-DOMAIN INTEGRATION AND EVOLUTION OF PERTURBATIONS
If we rewrite equation (3) without recourse to the stationary ansatz:
∂2Ψ±
∂r2∗
−
∂2Ψ±
∂t2
+ V±(r)Ψ± = 0, (9)
we can integrate the obtained wave equation (9) in the time domain using the integration
technique developed by Gundlach, Price and Pullin in [37]. We shall integrate the wave-like
equation rewritten in terms of the so called light-cone variables u = t − r∗ and v = t + r∗.
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FIG. 3. Time domain profiles for V+ (left) and V− (right) for the Dirac field in Schwarzschild-de
Sitter spacetime: k = 1, M = 1, Λ = 0.1.
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FIG. 4. Time domain profiles for V+ (left) and V− (right) for the Dirac field in Schwarzschild-de
Sitter spacetime: k = 2, M = 1, Λ = 0.1.
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FIG. 5. Effective potentials (right) and time domain profile (left) for the Dirac field in the near
extremal Reissner-Nordstrom-de Sitter spacetime: k = 1, M = 1, Λ = 0.10, Q = 1.01.
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The appropriate discretization scheme is:
Ψ (N) = Ψ (W ) + Ψ (E)−Ψ (S)−
−∆2
V (W )Ψ (W ) + V (E) Ψ (E)
8
+O
(
∆4
)
, (10)
where the following designations for the points were used: N = (u+∆, v +∆), W =
(u+∆, v), E = (u, v +∆) and S = (u, v). The initial data are given on the null surfaces u =
u0 and v = v0. In order to extract the values of the quasinormal modes we will use the Prony
method (see, e.g., [38]) of fitting the signal by a superposition of damped exponents. The
results obtained in earlier publications, for example, with the WKB precision in [20] are in
a very good agreement with those obtained here via time-domain integration. For example,
for the Λ = 0.1, M = 1 k = 2, n = 0 case the WKB method gives ω = 0.12157− 0.03041i,
while we have ω = 0.1207− 0.0303i. For k = 1 there are only a few oscillations before the
beginning of the asymptotic tail (see fig. 3, 5), so that the Prony method does not allow
to extract the fundamental mode very accurately, still the concordance with the frequency
domain data is reasonable in this case as well. The specific form of the asymptotic tail on
figs. 3-5 which approaches a horizontal line is related to the chosen gauge of the Dirac field
[36] which contains the static zero mode.
We have made a thorough investigation of time-domain profiles for various values of
Λ-term and found that for the whole range up to near extremal values of the cosmolog-
ical constant the time-domain profiles have the form of damped quasinormal oscillations
approaching asymptotically the static mode. A few examples of this behavior are given
on figs. 3,4. We have checked that the same is true for the Reissner-Nordstrom-de Sitter
solution, given by the following metric function
f(r) = 1−
2M
r
+
Q2
r2
−
Λr2
3
, (11)
where Q is the electric charge. For the near extreme Reissner-Nordstrom-de Sitter black
hole, quasinormal modes can be obtained via the fitting with the Poschl-Teller potential
[18, 39, 40].
IV. CONCLUSIONS
We have shown that stability of the Dirac field in the background of Schwarzschild-
de Sitter and Reissner-Nordstrom-de Sitter black holes is not automatically granted as it
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takes place in the Schwarzschild case. There, as a consequence of iso-spectrality of both
chiralities, one of which is described by a positive definite effective potential, the stability
of both is straightforward. In the asymptotically de Sitter spacetimes effective potentials
for both chiralities have negative gaps, so that the stability has to be proven, especially
taking into account a number of instabilities that the cosmological term is known to induce
[24–28]. Despite extensive literature on quasinormal modes of asymptotically de Sitter black
holes, this issue of stability was apparently omitted. Here, with the help of the time-domain
integration of the perturbation equations we show that the initial perturbation always decays
in time, signifying stability. Our paper can be naturally extended to the higher dimensional
(Tangherlini) asymptotically de Sitter black holes. It is evident that when talking about the
Dirac field propagating in the vicinity of a more general than the Schwarzschild solution,
one has to address the question of stability as well.
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